Introduction
In [5] , Chen gives a classification of null 2-type surfaces in the Euclidean 3-space and he shows in [6] that a similar characterization cannot be given for a surface in the Euclidean 4-space. In fact, helical cylinders in Euclidean 4-space are characterized as those surfaces of null 2-type and constant mean curvature. In this paper we give a characterization of null 2-type hypersurfaces in a space of constant sectional curvatureM n+1 (k) and an approach to hypersurfaces of null 3-type. Indeed, we get a generalization of Chen's paper [5] not only by considering hypersurfaces, but also taking them in space forms. In spherical and hyperbolic cases we show that there is no null 2-type hypersurface, so that the Euclidean case becomes the most attractive situation where our classification works on. Actually, we show that Euclidean hypersurfaces of null 2-type and having at most two distinct principal curvatures are locally isometric to a generalized cylinder. Why the hypothesis on principal curvatures? First, we think this is the most natural one, because, after Chen's paper, we know that cylinders are the only surfaces of null 2-type in Euclidean 3-space. Secondly, it is well-known that a Euclidean isoparametric hypersurface has at most two distinct principal curvatures, so that if it has exactly two, then one of them has to be zero. Our classification depends strongly on that isoparametricity condition. Finally, bounding the number of principal curvatures is not as restrictive as one could hope. As a matter of fact, the families of conformally flat and rotational hypersurfaces satisfy that hypothesis and both are sufficiently large so that it is worth trying to give a characterization of some subfamily of them in order to get along in their classifications. To this effect, we characterize rotational and conformally flat hypersurfaces of null 2-type. As for hypersurfaces of null 3-type one immediately sees that they are not difficult to handle when they have constant mean curvature, because a nice formula for ∆ 2 H can be given. In that case, we show that there is no spherical or hyperbolic hypersurface of null 3-type. It turns out again that our only hope to get some more information concerns with Euclidean hypersurfaces. Now, following a similar reasoning as in the null 2-type case, we are able to say that there is no Euclidean hypersurface of null 3-type having constant mean curvature and at most two distinct principal curvatures. We wish to thank to Prof. M. Barros for many valuable comments and suggestions.
Preliminaries
Let x : M n −→IR m be an isometric immersion of a connected n-dimensional Riemannian manifold M into the Euclidean space IR m . We represent by ∆ the Laplacian operator of M (with respect to the induced metric) acting on the space of smooth functions C ∞ (M ). The manifold M is said to be of k-type if the position vector x of M can be decomposed in the following form:
where
and ∆ is the extension of the Laplace operator to IR m -valuated smooth functions on M in a natural way. A manifold M is said to be of finite type if it is of k-type for some natural number k; otherwise, M is said to be of infinite type. A special case appears when some λ i j = 0; then M is said to be of null k-type or null finite type. If M is of finite type, for example of k-type, from (1) there exists a monic polynomial, say Q(t), 
where (∆H) T means the tangent component of ∆H in M . Then
By using (1) one gets < ∆H, x >= −nα 2 and again from the 2-type condition we have
From (3) and (4) we deduce
On the other hand, since ∆ D denotes the Laplacian associated with D and one has the formula
where H = α N and A = A N , then
The above formulae allow us to write down
At this point, the 2-type condition can be rewritten in the following useful form
In [1] , studying the compact case with the additional condition of having at most two distinct principal curvatures, it is shown that M is of 2-type if and only if it is a product of two spheres with appropriate radii. In our case, if we drop the compactness condition, then one of the eigenvalues could vanish, but that can not be hold as the following result shows, which can also be deduced from [7, Theorem 1] .
Proposition 3.1 There is no spherical hypersurface of null 2-type.
Proof. If M is a spherical hypersurface of null 2-type, then c = 0. Now from (9), the x-component vanishes and then α is constant. Since M is not minimal, from the N -component, we have that |σ| 2 is also constant. Using again ( 9), one gets |σ| 2 = nα 2 , which is a contradiction with the following lemma and the proof finishes. Proof. Let us denote by µ 1 , . . . , µ n the principal curvatures of M and take the vectors V = (µ 1 , . . . , µ n ) and W = (1, . . . , 1). Then from the own definitions of α and |σ | 2 and the CauchySchwarz inequality the first part of lemma follows. Moreover, the equality holds if and only if M is totally umbilical and therefore of 1-type.
In the realm of finite type submanifolds, as far as we know, the 3-type case has been rather scarcely studied. This is because it is difficult to find a nice expression for ∆ 2 H. Therefore, we shall assume that M is of constant mean curvature. Then, a straightforward computation from (8) yields
Now, if M is of 3-type, i.e.,
We are ready to give another non-existence result.
Proposition 3.3 There is no spherical hypersurface of null 3-type with constant mean curvature.
Proof. If M is a spherical hypersurface of null 3-type, then c = 0. Since the mean curvature α of M is a non-vanishing constant, from the x-component in ( 11), one has |σ| 2 is also a constant. Then, once more from (11), we get
from which we deduce
But |σ| 2 = nα 2 can not be hold from Lemma 3.2. If |σ| 2 = a > 0, from ( 12) and Lemma 3.2 it follows that b < 0. Then we can find a real number p = 0, 1 (indeed, p is a solution of the equation p 2 − ap − b = 0) such that if we write
we have
where ∆y 1 = p y 1 ,
showing that M is of 2-type, which is a contradiction.
The Euclidean case
In order to make a similar study to the spherical case, we start giving a formula for ∆H, which for surfaces was found by B.Y. Chen in [5] . 
. From the following formulaē
To compute tr(∇A), let {X 1 , . . . , X n } be the local orthonormal frame of eigenvectors of the Weingarten map, i.e., AX i = µ i X i . Then, using the well-known equations
Then tr(∇A) = n∇α and the lemma follows from here and (1). Now, if M is of 2-type, i.e., ∆H = bH + cx (where we assume without loss of generality that x 0 is the origin of IR n+1 ), from the above lemma we have
This formula allow us to get three easy and interesting consequences, chiefly the third because it will be very useful through this section. The first and second ones have already been obtained by Chen and Lue in [7] . 
Remark 4.4
The above corollary shows that there is no compact hypersurface of 2-type having constant mean curvature.
Corollary 4.5 If M is a Euclidean hypersurface of null 2-type, then
The problem of characterizing Euclidean hypersurfaces of null 2-type does not seem an easy task without additional hypothesis and actually it is more difficult than spherical case (see Proposition 3.1). The constancy of the mean curvature does not even provide, in principle, enough information to get such characterization. Nevertheless, we have the following result.
Proposition 4.6 Let M be a Euclidean hypersurface with at most two principal curvatures. Then M is of null 2-type and constant mean curvature if and only if it is locally isometric to a product
Proof. If M is of null 2-type and has constant mean curvature, by using ( 5) we have |A| 2 is a constant. Furthermore, the hypothesis on principal curvatures yields to M has exactly two constant principal curvatures. From [10] M is an open piece of IR p × S n−p (r). The converse is trivial.
In the proof of the above proposition, to use the Segre's result, it has been crucial to deduce that M is isoparametric and for that to be possible we have needed the hypothesis on principal curvatures. The isoparametricity condition on M is rather strong and owing to the recent results showing the close relation between Dupin and isoparametric hypersurfaces, one can get another approximation to characterize null 2-type hypersurfaces.
Proposition 4.7 If M is a Dupin Euclidean hypersurface of null 2-type, then M has constant mean curvature.
Proof. If the mean curvature α were not constant, from Corollary 4.5, at the points of the open set V = {p ∈ M : ∇α 2 (p) = 0}, we can choose a local orthonormal frame {E 1 , . . . , E n } tangent to M such that E 1 is parallel to ∇α 2 . That means E 2 (α) = · · · = E n (α) = 0. Since M is a Dupin hypersurface and E 1 is a principal direction with principal curvature − n 2 α, then E 1 (α) = 0, which is a contradiction.
Corollary 4.8 Let M be a Dupin Euclidean hypersurface with at most two principal curvatures. Then M is of null 2-type if and only if M is locally isometric to a product IR p × S n−p (r).
To get down to work in a more general situation we need a previous lemma. on V 1 , so that being E 1 and ∇α 2 parallel, we get α is a constant on V 1 , which is a contradiction. Therefore, dimD = 1 and − n 2 α has multiplicity one. Now, the main result of this section states as follows.
Lemma 4.9 Let M be a Euclidean hypersurface of null 2-type with at most two principal curvatures. Then V is empty or, at the points of V, −

Theorem 4.10 Let M be a Euclidean hypersurface with at most two principal curvatures. Then M is of null 2-type if and only if M is locally isometric to a product IR
Proof. Suppose M n is a Euclidean hypersurface. Our goal is to prove that M n has constant mean curvature. 
Let {ω 1 , . . . , ω n } and {ω j i }, i, j = 1, . . . , n + 1, the dual frame and the connection forms of the chosen frame. Then we have
From the first equation of (7) we have
Using now the second equation of (7) and the structure equations, one has
These two last equations mean that dω 1 = 0.
Therefore one locally has ω 1 = du, for a certain function u, which along with ( 8) imply that dα ∧ du = 0. Thus α depends on u, α = α(u). Then dα = α du = α (u)ω 1 and so E 1 (α) = α . Taking differentiation in the second equation of (7) we have
and, also by the structure equations:
Consequently
Differentiating (15) and using (7) and (14) we have
On the other hand
Hence from (15) to (18) we obtain
Putting y = (α ) 2 the above equation turns into
and then
with C a constant. Now we use the definition of ∆α, the fact that E 1 is parallel to ∇α 2 and equation (14) to obtain (n + 2)α∆α = −(n + 2)αα + 3(n − 1)(α ) 2 .
As we know ∆ D H = (∆α)N , hence from (6) we get
Thus, putting together (19) and (24) one has
We deduce, using ( 21) and ( 25) that α is locally constant on V, which is a contradiction with the definition of V. Hence α is constant on M n and the result follows from Proposition 4.6. The converse is trivial and the proof finishes.
Then we obtain the following consequence, which B.Y. Chen already gave in [5] . Proof. Let M be a Euclidean hypersurface of null 3-type. From ( 27), since α is a non vanishing constant, we have A(∇|A| 2 ) = 0. If we consider the open set W = {p ∈ M : ∇|A| 2 (p) = 0}, then at the points of W , ∇|A| 2 is a principal direction with 0 principal curvature. Therefore, since M has at most two principal curvatures and α is constant, if λ is the other principal curvature, then λ is also a constant. Then M is isoparametric and so it can not be of null 3-type.
The hyperbolic case
Let IR n+2 1 the (n+2)-dimensional pseudo-Euclidean space with metric tensor given by
where (x 1 , . . . , x n+2 ) is a rectangular coordinate system in IR the natural immersion. We now use the same notation as in Section 3, where the symbols concerning there with S n+1 (resp. IR n+2 ), will be here the corresponding for H n+1 (resp. IR n+2 1 ). We start with a useful expression for ∆H, which essentially is given in [3] .
Proof. It suffices to work as in the Euclidean case (Lemma 4.1) taking into account the following facts:
If M is of 2-type in IR n+2 1 , then from Lemma 5.1 we get
where, as above,
As an example of a hyperbolic hypersurface of 2-type in IR n+2 1
we define Proof. If M is a hyperbolic hypersurface of null 2-type, then from ( 1) both α and |A| 2 are constant and furthermore |A| 2 = nα 2 . This will mean that M is totally umbilical and then of 1-type, which is a contradiction. To finish this section we shall study the hyperbolic hypersurfaces of 3-type with constant mean curvature. Indeed, a straightforward computation from Lemma 5.1 gives
When M is of 3-type, we have
Therefore, in a similar way as in the spherical case, we have Now, we can deduce a few interesting consequences.
In [2] it is shown that a rotational hypersurface in a space of constant curvature has two principal curvatures, one of them having multiplicity at least equal to n-1. Therefore, we have It is a well-known fact (see [8] ) that, for n > 3, a hypersurface M n inM n+1 (k) is conformally flat if and only if at least n-1 principal curvatures are all equal. Then we get Added in proof. After this paper was referred, prof. Chen kindly pointed out to us that himself and S.J. Li have shown, in a joint paper, that Proposition 2.3 holds for every 3-type spherical hypersurface. We wish to thank to the referee and prof. Chen for their careful suggestions in order to improve this article.
